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Contact metric structures with the typical contact form
on the 3-dimensional manifold
Akio Yamamoto
Abstract. Let η be a typical contact form on the manifold M3 =
S3,R3 and T 3. We determine contact metric structures (φ, ξ, η, g) on
M3. And then we consider the cases that (φ, ξ, η, g) is η-Einstein, or
it is Sasakian, or it is K-contact, respectively.
1. Introduction
Given a contact form η on a C∞ manifold M3, it is well known that
there exists a unique vector field ξ satisfying (2.1) and (2.2). Moreover,
there exists a pair (g, φ) of a Riemannian metric g and a tensor field φ of
type (1,1) that satisfy (2.3), (2.4) and (2.5).
(φ, ξ, η, g) is called a contact metric structure. Although ξ is unique, g
and φ are not necessarily unique.
We consider a typical contact form η on M3 = S3, R3 and T 3 respec-
tively. And we shall find contact metric structures with the fixed contact
form η on S3, R3 and T 3.
We completely determined such contact metric structure in Proposition
3.2, Proposition 4.2 and Proposition 5.3. Remark that there are a lot of
contact metric structures on S3, R3 and T 3 respectively.
Next, we check that such contact metric structures (φ, ξ, η, g) are η-
Einstein or not, Sasakian or not, K-contact or not, respectively. In case of
2010 Mathematics Subject Classification. Primary 53C15 ; Secondary 53C25 .
Key words and phrases. contact metric structure.
61
62 Akio Yamamoto
M3 = S3, (φ, ξ, η, g) is η-Einstein if and only if g is the standard metric,
(φ, ξ, η, g) is Sasakian if and only if g is the standard metric and (φ, ξ, η, g)
is K-contact if and only if g is the standard metric.
In case of M3 = R3, all (φ, ξ, η, g) are η-Einstein, Sasakian and K-
contact.
In case of M3 = T 3, one parameter family of (φ, ξ, η, g) are η-Einstein,
no (φ, ξ, η, g) is Sasakian and no (φ, ξ, η, g) is K-contact.
2. Preliminaries
Definition 2.1. A (2n + 1)-dimensional C∞ manifold M is said to be a
contact manifold if it carries a 1-form η such that η ∧ (dη)n ̸= 0 holds.
The 1-form η is called a contact form. And it is well known that there
exists the unique vector field ξ satisfying
η(ξ) = 1,(2.1)
dη(ξ,X) = 0 for X,Y ∈ X(M).(2.2)
The pair (M,η) is called a contact manifold and the vector field ξ is
called the characteristic vector field of η.
A Riemannian metric g is said to be an associated metric if there exists
a tensor field φ of type (1,1) satisfying
dη(X,Y ) = g(X,φY ),(2.3)
η(X) = g(X, ξ),(2.4)
φ2 = −I + η ⊗ ξ.(2.5)
The structure (φ, ξ, η, g) is called a contact metric structure and a mani-
foldM2n+1 with a contact metric structure (φ, ξ, η, g) is said to be a contact
metric manifold.
Remark that, in this paper, dη is defined by
(2.6) dη(X,Y ) =
1
2
(Xη(Y )− Y η(X)− η([X,Y ])) for X,Y ∈ X(M).
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　We denote by ∇ the Riemannian connection of g and by R the Rieman-
nian curvature tensor, which is defined by
R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z for X,Y, Z ∈ X(M2n+1).
The Ricci tensor Ric(X,Y ) is defined by
(2.8) Ric(X,Y ) =
2n+1∑
i=1
g(R(Xi, X)Y,Xi) for X,Y ∈ X(M2n+1),
where X1, · · · , X2n+1 is a local orthonormal frame field of M2n+1. The
Ricci operator Q is defined by
(2.9) Ric(X,Y ) = g(QX,Y ) for X,Y ∈ X(M2n+1).
Definition 2.2. A contact metric structure is said to be η-Einstein if
(2.10) Q = pI + qη ⊗ ξ
holds, where p, q are some smooth functions on M2n+1.
Remark that (2.10) is equivalent to
(2.11) Ric(X,Y ) = pg(X,Y ) + qg(ξ,X)g(ξ, Y ) for X,Y ∈ X(M2n+1).
Definition 2.3. A contact metric manifold (M2n+1, φ, ξ, η, g) is said to be
Sasakian if M2n+1 satisfies
(2.12) R(X,Y )ξ = η(Y )X − η(X)Y for X,Y ∈ X(M2n+1).
Definition 2.4. A contact metric structure (φ, ξ, η, g) is called a K-contact
if ξ is a Killing vector field, i.e., Lξg = 0.
Remark that Lξg = 0 is equivalent to
(2.13) g(X,∇Y ξ) + g(∇Xξ, Y ) = 0 for X,Y ∈ X(M2n+1).
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3. S3 with the contact form η
Let (x1, · · · , x2n+2) be Cartesian coordinates on the (2n+2)-dimensional
Euclidean space R2n+2. We consider the 1-form α on R2n+2 defined by
(3.1) α = x1dx2 − x2dx1 + · · ·+ x2n+1dx2n+2 − x2n+2dx2n+1
and the inclusion mapping
(3.2) ι : S2n+1 → R2n+2.
It is well known that η = ι∗α is a contact form on S2n+1, i.e., η∧(dη)n ̸= 0
holds on S2n+1. By using (3.1), from (2.7) we get
(3.3) dα = dx1 ∧ dx2 + dx3 ∧ dx4 + · · ·+ dx2n+1 ∧ dx2n+2.
Throughout this section, we consider this contact form η on S3. Then
from (2.1) and (2.2), the characteristic vector field ξ is determined by

















































3.1. g and φ of S3
Let g be a Riemannian metric on (S3, η) which satisfies (2.4). We put
gij = g(Xi, Xj) and a = g11, b = g12 = g21, c = g22.
By using η = ι∗α, from (2.4) we get
g13 = g(X1, X3) = η(X1) = 0,
g23 = g(X2, X3) = η(X2) = 0
and from (2.1) get
g33 = g(X3, X3) = η(X3) = 1.
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Then, the 3× 3 matrix (gij) is of the form
(gij) =
a b 0b c 0
0 0 1
 ,(3.7)
where a, b, c ∈ C∞(S3).
Since det(gij) > 0, we get ac− b2 > 0. Moreover, since X1 ̸= 0, X2 ̸= 0,
we get a = g(X1, X1) > 0, c = g(X2, X2) > 0.
Conversely, let g be a tensor field of type (0,2) defined by (3.7). If
a > 0, c > 0 and ac−b2 > 0 holds, then g is a Riemannian metric satisfying
(2.4).
Thus we have the following.
Proposition 3.1. If a Riemannian metric g on (S3, η) satisfies (2.4), then
(3.7) and the following hold
(3.8) a > 0, c > 0 and ac− b2 > 0.
Conversely, let g be a tensor field of type (0,2) on (S3, η) defined by (3.7).
If g satisfies (3.8), then g is a Riemannian metric on (S3, η) and satisfies
(2.4).
















where a > 0, c > 0, ac− b2 > 0.
Because, by using η = ι∗α from (3.3) we get
dη(Xi, Xj) = (dx
1 ∧ dx2 + dx3 ∧ dx4)(dι(Xi), dι(Xj)).
And then from (3.4), (3.5), (3.6) we have
dη(X1, X2) = 1, dη(X2, X1) = −1, others are equal to 0.
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Now, we put φ(Xj) =
3∑
k=1
φkjXk (j = 1, 2, 3). Since g(Xi, φXj) =
3∑
k=1
gikφkj , from (2.3) we get
(gij)(φij) =









 b c 0−a −b 0
0 0 0
 ,
where a > 0, c > 0, ac− b2 > 0.
Proposition 3.2. Let (φ, ξ, η, g) be given by (3.7), (3.8) and (3.9) on S3.
If (φ, ξ, η, g) is a contact metric structure, then the following equation holds
(3.10) ac− b2 = 1.
Conversely, if (3.10) holds, then (φ, ξ, η, g) is a contact metric structure on
S3.





1 0 00 1 0
0 0 0
 .
By putting ψ = −I + η ⊗ ξ, we get the following equation
ψ(Xj) = −Xj + η(Xj)X3 (j = 1, 2, 3).
By substituting j = 1, 2, 3 into the above equation, we get
ψ(X1) = −X1 + η(X1)X3 = −X1,
ψ(X2) = −X2 + η(X2)X3 = −X2,
ψ(X3) = −X3 + η(X3)X3 = 0.
Contact metric structures with the typical contact form 67
Now, we put




By substituting j = 1, 2, 3 into the above equation, from the above result
we get
(3.12)
ψ11 ψ12 ψ13ψ21 ψ22 ψ23
ψ31 ψ32 ψ33
 =
−1 0 00 −1 0
0 0 0
 .
If (φ, ξ, η, g) is a contact metric structure, by using (3.11) and (3.12) from
(2.5) we get (3.10).
Conversely, if (3.10) holds, we can get (2.5). This completes the proof.
Corollary 3.1. φ is denoted by the following matrixφ11 φ12 φ13φ21 φ22 φ23
φ31 φ32 φ33
 =
 b c 0−a −b 0
0 0 0
 , a > 0, c > 0, ac− b2 = 1.
3.2. Curvature tensors
In this section, we assume a, b, c are constant. By using (gij) which sat-
isfies (3.7),(3.8) and (3.10), from the basis X1, X2, X3 = ξ, we can generate
the orthonormal basis Y1, Y2, Y3 on (S
3, g), that is
Y1 = X3, Y2 =
1√
a







And then we get









By computing [Xi, Xj ] from (3.4), (3.5), (3.6) and the above equations, we
have
[X1, X2] = −2X3, [X2, X3] = −2X1, [X3, X1] = −2X2
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and












Y3, [Y2, Y3] = −2Y1.
From the above results, we get















a , 2g(∇Y3Y1, Y2) =
2(1−a−a2−b2)
a ,
2g(∇Y3Y1, Y3) = −4ba , 2g(∇Y3Y2, Y1) =
2(a2+b2+a−1)
a .
others are equal to 0.
And then we have

















a Y3, ∇Y3Y2 =
a+a2+b2−1
a Y1,
∇Y3Y3 = 2ba Y1.
Next, we put









By using the above equations and (3.10), we have
[Y1, Y2] = −βY2−(γ−α)Y3, [Y1, Y3] = (2−α−γ)Y2+βY3, [Y2, Y3] = −2Y1,
and
∇Y1Y1 = 0, ∇Y1Y2 = αY3, ∇Y1Y3 = −αY2,
∇Y2Y1 = βY2 + γY3, ∇Y2Y2 = −βY1, ∇Y2Y3 = −γY1,
∇Y3Y1 = (γ − 2)Y2 − βY3, ∇Y3Y2 = −(γ − 2)Y1, ∇Y3Y3 = βY1.
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Hence we have
R(Y1, Y2)Y1 = (α
2 − 2γα− 4)Y2 + 2αβY3,
R(Y1, Y2)Y2 = (−α2 + 2γα+ 4)Y1,
R(Y1, Y2)Y3 = −2αβY1,
R(Y1, Y3)Y1 = 2αβY2 + (α
2 + 2γα− 4α− 4)Y3,
R(Y1, Y3)Y2 = −2αβY1,
R(Y1, Y3)Y3 = (−α2 − 2γα+ 4α+ 4)Y1,
R(Y2, Y3)Y1 = 0,
R(Y2, Y3)Y2 = (−α2 + 4α+ 4)Y3,
R(Y2, Y3)Y3 = (α
2 − 4α− 4)Y2.






2 + 4α+ 8 0 0





−2(a+ c)2 + 10 0 0













Proposition 3.3. Let (S3, φ, ξ, η, g) be the contact metric manifold deter-
mined by Proposition 3.2 and we assume that a, b, c are constant.
(1) (S3, φ, ξ, η, g) is η-Einstein if and only if b = 0, a = c = 1,
that is, (S3, η, ξ, g, φ) is the standard 3-dimensional sphere.
(2) (S3, φ, ξ, η, g) is Sasakian if and only if b = 0, a = c = 1,
that is, (S3, φ, ξ, η, g) is the standard 3-dimensional sphere.
(3) (S3, φ, ξ, η, g) is K-contact if and only if b = 0, a = c = 1,
that is, (S3, φ, ξ, η, g) is the standard 3-dimensional sphere.
Proof. (1) If S3 is η-Einstein, by substituting (Yi, Yj) = (Y1, Y1), (Y2, Y2)
into (2.11), from (3.16) we get
Ric(Yi, Yj) = 2α(γ − 2)g(Yi, Yj)(3.17)
+ 2(−α2 − γα+ 4α+ 4)g(Y1, Yi)g(Y1, Yj).
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Moreover, we substitute (Yi, Yj) = (Y1, Y2), (Y1, Y3), (Y2, Y3), (Y3, Y3) into
(3.17) and hence get
α ̸= 0, β = 0, i.e., b = 0, a = c = 1.
Conversely, if b = 0, a = c = 1, (3.17) holds.
(2) If S3 is Sasakian, by substituting (X,Y ) = (Y1, Y2), (Y1, Y3) into (2.12)
we get
αβ = 0,
α2 − 2γα− 4 = −1,
α2 + 2γα− 4α− 4 = −1.
Therefore, we get
α ̸= 0, β = 0, i.e., b = 0, a = c = 1.
Conversely, if b = 0, a = c = 1, (2.12) holds.




2(−a2 − b2 + 1)
a
= 0.
And then we have
b = 0, a = c = 1.
Conversely, if b = 0, a = c = 1, (2.13) holds. This completes the
proof.
Remark. If (S3, g) is a contact metric manifold which does not satisfy
b = 0, a = c = 1, then (S3, g) is neither η-Einstein nor Sasakian, K-contact.
4. R3 with the contact form η
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From (2.7) we get
(4.2) η ∧ dη = 1
8
(dx1 ∧ dx2 ∧ dx3) ̸= 0,
i.e., η is a contact form on R3.
From (2.1), (2.2) we get




4.1. g and φ of R3







) and a = g11, b = g12 = g21, c = g22. By using (4.1) and
(4.3), from (2.4) we have the following matrix
(4.4) (gij) =








where a, b, c ∈ C∞(R3).
Since det(gij) > 0, we get
(4.5) (a− 1
4




̸= 0 and ∂
∂x2













Conversely, let g be a tensor field of type (0,2) defined by (4.4). If
a > 0, c > 0 and (4.5) hold, then we get g11 > 0, g22 > 0, det(gij) > 0 and
hence
(4.6) ac− b2 > 0.
And then g is a Riemannian metric satisfying (2.4).
Because, let λ be an eigenvalue of (gij), λ satisfies the following equation
16λ3 − 4(4a+ 4c+ 1)λ2 + (4a+ 4c+ 16ac− 16b2 − (x2)2)λ(4.7)
+ c(x2)2 − 4(ac− b2) = 0.
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We put the left side of (4.7) by f(λ). Then from (4.5) we have
(4.8) f(0) = c(x2)2 − 4(ac− b2) < 0.
The differential of f(λ) is
f ′(λ) = 48λ2 − 8(4a+ 4c+ 1)λ+ (4a+ 4c+ 16ac− 16b2 − (x2)2).
On the other hand, by using (4.5) and (4.6), we get




Therefore, if a discriminant of the quadratic equation f ′(λ) = 0 of λ is
non-negative, from (4.9) f ′(λ) = 0 has a positive solution. And hence
from (4.8), λ is a positive number. Also, if a discriminant of f ′(λ) = 0 is
negative, from (4.8) λ is a positive number. Moreover, we can see that g
satisfies (2.4).
Thus we have the following.
Proposition 4.1. If a Riemannian metric g on (R3, η) satisfies (2.4), then
(4.4) and the following holds
(4.10) a > 0, c > 0, (a− 1
4
(x2)2)c− b2 > 0.
Conversely, let g be a tensor field of type (0,2) on (R3, η) defined by (4.4).
If g satisfies (4.10), then g is a Riemannian metric on (R3, η) and satisfies
(2.4).
Next, we denote the left side of (4.5) by G, i.e.,
(4.11) (a− 1
4
(x2)2)c− b2 = G.










(j = 1, 2, 3).
Corollary 4.1. If (gij) defined by (4.4) satisfies (4.10), then
(4.12)




 b c 0−a+ 14(x2)2 −b 0
x2b x2c 0

holds, where a > 0, c > 0, (a− 14(x
2)2)c− b2 > 0.
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into (2.3), we get

















Since det(gij) > 0, we get (4.12). This completes the proof.
Proposition 4.2. Let (φ, ξ, η, g) be given by (4.4), (4.10) and (4.12) on




holds. Conversely, if (4.13) holds, then (φ, ξ, η, g) is a contact metric struc-
ture on R3.
Proof. If (φ, ξ, η, g) is a contact metric structure, then (2.5) holds. By
substituting (4.12), (4.1) and (4.3) into (2.5), we get
1
16G2





 −1 0 00 −1 0
−x2 0 0
 .
Then we have (4.13).
Conversely, if (4.13) holds, we can get (2.5). This completes the proof.
Corollary 4.2. φ is denoted by the following matrixφ11 φ12 φ13φ21 φ22 φ23
φ31 φ32 φ33
 = 4
 b c 0−a+ 14(x2)2 −b 0
x2b x2c 0
 ,
where a > 0, c > 0, (a− 14(x
2)2)c− b2 > 0.
4.2. Curvature tensors






on (R3, g). By using g that satisfies (4.4), (4.10) and (4.13),
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from the basis X1, X2, X3 we can generate the orthonormal basis Y1, Y2, Y3


























. Then we have
[Y1, Y2] = 0, [Y2, Y3] = −2Y1, [Y1, Y3] = 0.
Then we may see that
2g(∇Y1Y2, Y3) = 2, 2g(∇Y1Y3, Y2) = −2, 2g(∇Y2Y1, Y3) = 2,
2g(∇Y2Y3, Y1) = −2, 2g(∇Y3Y1, Y2) = −2, 2g(∇Y3Y2, Y1) = 2,
and the others are equal to 0. Therefore, we have
∇Y1Y1 = 0, ∇Y1Y2 = Y3, ∇Y1Y3 = −Y2, ∇Y2Y1 = Y3, ∇Y2Y2 = 0,
∇Y2Y3 = −Y1, ∇Y3Y1 = −Y2, ∇Y3Y2 = Y1, ∇Y3Y3 = 0.
Hence we get
R(Y1, Y2)Y1 = −Y2, R(Y1, Y2)Y2 = Y1, R(Y1, Y2)Y3 = 0,
R(Y1, Y3)Y1 = −Y3, R(Y1, Y3)Y2 = 0, R(Y1, Y3)Y3 = Y1,
R(Y2, Y3)Y1 = 0, R(Y2, Y3)Y2 = 3Y3, R(Y2, Y3)Y3 = −3Y2.






2 0 00 −2 0
0 0 −2
 .
Proposition 4.3. (R3, g) is η-Einstein, Sasakian and K-contact.
Proof. Substituting (Yi, Yj) = (Y1, Y1), (Y2, Y2) into (2.11), from (4.14),
we get
Ric(Yi, Yj) = −2g(Yi, Yj) + 4g(Y1, Yi)g(Y1, Yj).
Moreover, we can see that if (Yi, Yj) = (Y1, Y2), (Y1, Y3), (Y2, Y3) and (Y3, Y3),
then the above equation holds. Therefore, (R3, g) is η-Einstein.
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Next, we shall check whether (R3, g) satisfies (2.12), i.e.,
R(Yi, Yj)Y1 = g(Y1, Yj)Yi − g(Y1, Yi)Yj ,
for i, j = 1, 2, 3. From values R(Yi, Yj)Yk of the curvature tensor, we may
see that the above equation holds. Therefore, (R3, g) is Sasakian.
Finally, we shall check whether (R3, g) satisfies (2.13), i.e.,
2g(Yi,∇YjY1) + 2g(∇YiY1, Yj) = 0 (i, j = 1, 2, 3).
From the calculation of 2g(∇YiYj , Yk), we may see that the above equation
holds. Therefore, (R3, g) is K-contact. This completes the proof.
5. T 3 with the contact form η
Let η be the 1-form on T 3 defined by
(5.1) η = cosnx3dx1 + sinnx3dx2, n ∈ N.
From (2.7) we get
(5.2) η ∧ dη = −1
2
ndx1 ∧ dx2 ∧ dx3 ̸= 0,
i.e., η is a contact form on T 3.
From (2.1), (2.2), we get














) and a = g11, b = g12 = g21, c = g22.
By using (5.1) and (5.3), from (2.4) we get
a cosnx3 + b sinnx3 = cosnx3(5.4)
b cosnx3 + c sinnx3 = sinnx3(5.5)
g31 cosnx
3 + g32 sinnx
3 = 0.(5.6)
Proposition 5.1. (5.4), (5.5) and (5.6) hold if and only if there exist
β, α, g33 ∈ C∞(T 3) which satisfy the following matrix (gij)
(5.7) (gij) =
 β sin
2 nx3 + 1 −β sinnx3 cosnx3 −α sinnx3
−β sinnx3 cosnx3 β cos2 nx3 + 1 α cosnx3
−α sinnx3 α cosnx3 g33
 .
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Proof. If (5.4) and (5.5) hold, there exist l, k ∈ R which satisfy the
following equations
a− 1 = k(− sinnx3),(5.8)
b = k cosnx3,(5.9)
b = l(− sinnx3),(5.10)
c− 1 = l cosnx3.(5.11)
From (5.9) and (5.10) we get
k cosnx3 = l(− sinnx3).













, from (5.6) we get (5.7). Moreover,
(5.7) includes the case that either cosnx3 = 0 or sinnx3 = 0 holds.
Conversely, we can see that (gij) satisfies (5.4), (5.5) and (5.6).
This completes the proof.
5.1. g and φ of T 3
For β, α, g33 ∈ R and n ∈ N, we define the matrix B by
(5.12) B =
 β sin
2 nx3 + 1 −β sinnx3 cosnx3 −α sinnx3
−β sinnx3 cosnx3 β cos2 nx3 + 1 α cosnx3
−α sinnx3 α cosnx3 g33
 .
Proposition 5.2. Let g be the tensor field of type (0,2) on (T 3, η) defined






) and B = (gij).
g is a Riemannian metric satisfying (2.4) if and only if the following
conditions hold
(5.13) (1 + β)g33 − α2 > 0 , g33 > 0.
Proof. From Proposition 5.1 g satisfies (2.4). If g is a Riemannian metric,
since det(gij) > 0, we get
det(B) = (1 + β)g33 − α2 > 0.
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Next, we put an eigenvalue of B = λ and g(λ) = det(B − λI). Then, we
get
g(λ) = (1− λ){λ2 − (1 + β + g33)λ+ (1 + β)g33 − α2}.
One of solution in g(λ) = 0 is equal to 1. The other solutions are in the
following equation
(5.14) λ2 − (1 + β + g33)λ+ (1 + β)g33 − α2 = 0.
By putting a discriminant of the above equation = D, we get
D = {g33 − (1 + β)}2 + 4α2 ≥ 0.
Since λ are positive definite, from (5.14) we get g33 > 0.
Conversely if (5.13) holds, we can see that g11 > 0, g22 > 0, det(B) > 0
and an eigenvalue of B are positive definite. This completes the proof.










(j = 1, 2, 3).
Corollary 5.1. If (gij) defined by the matrix B satisfies (5.13), then the







2 nx3 α sinnx3 cosnx3 g33 sinnx
3
α sinnx3 cosnx3 −α cos2 nx3 −g33 cosnx3
−(1 + β) sinnx3 (1 + β) cosnx3 α
 ,
where (1 + β)g33 − α2 > 0 , g33 > 0.
Proof. Since det(gij) > 0, from (2.3) we get (5.15).
We put
(5.16) ρ = det(B) = (1 + β)g33 − α2.
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Proposition 5.3. Let (φ, ξ, η, g) be given by (5.12), (5.13) and (5.15) on
T 3. If (φ, ξ, η, g) is a contact metric structure, then
(5.17) n2 = 4ρ
holds. Conversely, if (5.17) holds, then (φ, ξ, η, g) is a contact metric struc-
ture on T 3.
Proof. If (φ, ξ, η, g) is a contact metric structure, by substituting (5.15),




2 nx3 sinnx3 cosnx3 0




2 nx3 sinnx3 cosnx3 0
sinnx3 cosnx3 − cos2 nx3 0
0 0 −1
 .
Hence we get (5.17).
Conversely, if (5.17) holds, we can get (2.5). This completes the proof.





2 nx3 α sinnx3 cosnx3 g33 sinnx
3
α sinnx3 cosnx3 −α cos2 nx3 −g33 cosnx3
−(1 + β) sinnx3 (1 + β) cosnx3 α
 ,
where (1 + β)g33 − α2 > 0 , g33 > 0.
5.2. Curvature tensors
We take the following basis on (T 3, g),
















By using g that satisfies (5.12),(5.13) and (5.17), from the above basis we
get the following orthonormal basis Y1, Y2, Y3 on (T
3, g),









Y3 = µ(λ sinnx
3 ∂
∂x1
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[Y1, Y2] = 0, [Y1, Y3] = 2aY2, [Y2, Y3] = 2Y1.
We have
2g(∇Y1Y2, Y3) = −2a− 2, 2g(∇Y1Y3, Y2) = 2a+ 2, 2g(∇Y2Y1, Y3) = −2a− 2,
2g(∇Y2Y3, Y1) = 2a+ 2, 2g(∇Y3Y1, Y2) = −2a+ 2, 2g(∇Y3Y2, Y1) = 2a− 2,
and the others are equal to 0.
Thus, we have
∇Y1Y1 = 0, ∇Y1Y2 = −(a+ 1)Y3, ∇Y1Y3 = (a+ 1)Y2,
∇Y2Y1 = −(a+ 1)Y3, ∇Y2Y2 = 0, ∇Y2Y3 = (a+ 1)Y1,
∇Y3Y1 = −(a− 1)Y2, ∇Y3Y2 = (a− 1)Y1, ∇Y3Y3 = 0.
Hence we have
R(Y1, Y2)Y1 = −(a+ 1)2Y2, R(Y1, Y2)Y2 = (a+ 1)2Y1,
R(Y1, Y2)Y3 = 0, R(Y1, Y3)Y1 = (a+ 1)(3a− 1)Y3,
R(Y1, Y3)Y2 = 0, R(Y1, Y3)Y3 = −(a+ 1)(3a− 1)Y1,
R(Y2, Y3)Y1 = 0, R(Y2, Y3)Y2 = −(a+ 1)(a− 3)Y3,
R(Y2, Y3)Y3 = (a+ 1)(a− 3)Y2.






−2− β 0 00 2 + β 0
0 0 −β
 .
Proposition 5.4. (1) (T 3, g) is η-Einstein if and only if β = 0 holds.
(2) (T 3, g) is not Sasakian.
(3) (T 3, g) is not K-contact.
Proof. (1) If (T 3, g) is η-Einstein, then from (2.11) the following equation
holds for any i, j = 1, 2, 3,
(5.23) Ric(Yi, Yj) = pg(Yi, Yj) + qg(Y1, Yi)g(Y1, Yj).
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By substituting (Yi, Yj) = (Y1, Y2), (Y2, Y2) into (5.23), from (5.22) we get
(5.24) Ric(Yi, Yj) = 2β(2 + β)g(Yi, Yj)− 4β(2 + β)g(Y1, Yi)g(Y1, Yj).
Moreover, we substitute (Yi, Yj) = (Y3, Y3) into (5.24) and get
−2β2 = 2β(2 + β).
Since (5.13) implies 1 + β ̸= 0, β = 0 holds.
Conversely, if β = 0, (5.24) holds.
(2) If (T 3, g) is Sasakian, then from (2.12) and (2.4) the following equation
holds for any i, j = 1, 2, 3,
(5.25) R(Yi, Yj)Y1 = g(Y1, Yj)Yi − g(Y1, Yi)Yj .
By substituting (Yi, Yj) = (Y1, Y2), (Y1, Y3) into (5.25), we get
(5.26) a = 0.
But since (5.21) implies a < 0, (5.26) does not hold. Therefore, (T 3, g) is
not Sasakian.
(3) If (T 3, g) is K-contact, then from (2.13) the following equation holds
for any i, k = 1, 2, 3,
(5.27) 2g(Yk,∇YiY1) + 2g(∇YkY1, Yi) = 0.
By substituting (Yk, Yi) = (Y3, Y2) into (5.27), we get
(5.28) a = 0.
Similarly, since a < 0, (5.28) does not hold. Therefore, (T 3, g) is not K-
contact. This completes the proof.
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